Everybody wants to be closer to his friends than to
his enemies; is it possible?
(Keep your enemies close but your friends closer.)

Christopher THRAVES CARO

ASAP Research team
IRISA/INRIA Rennes

Gossple Meeting

C. THRAVES CARO [Everybody wants to be closer to his friends than to his enemie 1/21



© Motivation

© Denitions and formalization

© How do | think the problem can be solved

O Di®erent version

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 2/21



Motivation

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 3/21



Keep your friends close but your enemies closer

http://en.wikiquote.org

This has often been attributed to Sun Tzu and sometimes to Niccolo
Machiavelli or Petrarch, but there are no published sources yet found which
predate its use by\Michael Corleone" in The Godfather Part Il (1974),
written by Mario Puzo & Francis Ford Coppola: My father taught me many
things here | he taught me in this room. He taught me | keep your friends
close but your enemies closer.
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Definitions and formalization

Signed graphs

De nition
A signed graphis a graph with signs labeling its edges. J

By Thomas Zaslavsky; The Home Page of Signed, Gain, and Biased Graphs
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Definitions and formalization

Signed graphs

De nition

A signed graphis a graph with signs labeling its edges. J
By Thomas Zaslavsky; The Home Page of Signed, Gain, and Biased Graphs

De nition

A signedggraphis a graph G(V; E) together with a bi-partition of the edges,
E=E* Ei:Anedgee? E is called positive (negative) if and only if
e2E* (e2 EM).
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The drawing of a graph

De nition
Given a graph G(V; E), a drawing of G in R? is a set of positions inR? for V.

D(G) = f(Xv;Yv)Gv2v such that (xy;yy) 2 R?.
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Definitions and formalization

Drawing properly a signed graph

De nition s
Given D (G), a drawing for a signed graphG(V;E* E!). Now, D(G) is a

proper drawing for G i® 8 pair of edges y;u) and (v;r) 2 E, such that
(v;u) 2 E* and (v;r) 2 E' , then dp () (v;u) <dpg)(v:r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D (G), a drawing for a signed graphG(V;E* E!). Now, D(G) is a

proper drawing for G i® 8 pair of edges y;u) and (v;r) 2 E, such that
(v;u) 2 E* and (v;r) 2 E' , then dp () (v;u) <dpg)(v:r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D(G), a drawing for a signed graphG(V;E* E! ). Now, D(G) is a

proper drawing for G i® 8 pair of edges ¢;u) and (v;r) 2 E, such that
(v;u)2 E* and (v;r) 2 E', then dp (g)(v;u) <dp(g)(V;r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



Definitions and formalization

Drawing properly a signed graph

De nition s
Given D (G), a drawing for a signed graphG(V;E* E!). Now, D(G) is a

proper drawing for G i® 8 pair of edges y;u) and (v;r) 2 E, such that
(v;u) 2 E* and (v;r) 2 E' , then dp () (v;u) <dpg)(v:r):

Where dp (G) (v;u ) denotes the distance between nodes v and u according D (G).

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 9/21



The problem

Given a signed graphG; there exists a proper drawing forG? )
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In fact, such problem exists
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In fact, such problem exists
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How do | think the problem can be solved

First lemma

Lemma

Given two signed graphsG and G° such that G is a sub signed graph oG°.

Now, if G does not admita proper drawing, then G° does not admita proper
drawing.
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Minimal signed graphs without proper drawing

De nition
Given a signed graphG without proper drawing. Now, G is said to be

vertex-minimal without proper drawing i® G°= G| v has a proper drawing
forall v2 V.
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De nition
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How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

15/21



How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

15/21



How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 15/21



How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

15/21



How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 15/21




How do | think the problem can be solved

Example of a vertex-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 15/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

/.
[

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

<IN
/

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



How do | think the problem can be solved

Example of a edge-minimal graph without proper
drawing

./ T

\o

N

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 16/21



Example of a edge-minimal graph without proper

X7

./.

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie

16/21



How do | think the problem can be solved

Possible attack via minimal graphs without proper
drawing

C. THRAVES CARO Everybody wants to be closer to his friends than to his enemie 17/21



How do | think the problem can be solved

Possible attack via minimal graphs without proper
drawing

Is vertex-minimal equivalent to edge-minimal? l.e., is it possible to say: a
signed graphG is vertex minimal without proper drawing i® G is
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How do | think the problem can be solved

Possible attack via minimal graphs without proper
drawing

Is vertex-minimal equivalent to edge-minimal? l.e., is it possible to say: a
signed graphG is vertex minimal without proper drawing i® G is
edge-minimal without proper drawing?

Characterize the setof edge-minimal and vertex-minimal signed graphs
without proper drawing.
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Different version

Maximization version

De nition
Given a signed graphG, nd a drawing of G that maximizes the number of
pairs (v;u) 2 E™ and (v;r) 2 E' of edges, such thatdy (g)(v;u) < dp(c)(v;r):
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Different version

Hardness

De nition
Given a signed graphG, nd a partition of the vertices into clusters that

maximizes the number ofpositive edges insidea cluster plus the number
negative edges between clusters.

N. Bansal et al. Correlation Clustering, Machine Learning 20 04.
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Hardness

De nition

Given a signed graphG, nd a partition of the vertices into clusters that
maximizes the number ofpositive edges insidea cluster plus the number
negative edges between clusters.

N. Bansal et al. Correlation Clustering, Machine Learning 20 04.

Previous result
Maximize agreements isNP-complete.

Claim

Optimal drawing + greedy algorithm ! optimal clustering? Therefore,
optimal drawing is NP-complete.
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Different version

Related problems

Algorithmic version

Find an algorithm A such that: given a signed graphG, A provides a proper
drawing (an optimal drawing, an approximation) for the graph G.
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Different version

Related problems

Algorithmic version

Find an algorithm A such that: given a signed graphG, A provides a proper
drawing (an optimal drawing, an approximation) for the graph G.

Extensions
@ more dimensions
o di®erent norm
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Thank you
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